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Abstract
The article focuses on different aspects (both theoretical and
practical) of the development of the control algorithm of a
quadrotor helicopter starting from the modelling phase. A new
control algorithm is elaborated and supplementary components
are described in detail including state estimation and path track-
ing. The helicopter’s dynamic model takes into account the
aerodynamic friction, the gyroscopic effect of the rotors and also
the motor dynamics. The control algorithm is based on the back-
stepping approach and is capable of stabilising the model even
in case of realistic noises. Vision system and on-board iner-
tial measurement unit provide the measurements and two-level
extended Kalman filter based state estimator is used to suppress
the measurement noises and to estimate the unmeasured signals.
The methods of the software development and real-time testing
are also presented with attention to the sources of common er-
rors.
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1 Introduction
Presently, unmanned aerial vehicles (UAVs) increasingly at-
tract the attention of potential appliers, vehicle professionals and
researchers. UAV field seems to step out of the exclusivity of the
military applications, a lot of potential civil applications have
emerged, research and development in this field have gained in-
creasing significance. Research teams affiliated with the authors
are interested in many respects in this field, many efforts are
spent in several research areas in connection with the individ-
ual and cooperative control of aerial and land vehicles including
the unmanned ones. Developing an unmanned mini quadrotor
helicopter that is able to execute autonomously a mission, e.g.
performing a series of measurements in predefined positions, or
completing a surveillance task above a given territory is one of
the goals formulated for the near future.
Our project initiated in the spring of 2006 as a cooperation be-
tween Budapest University of Technology and Economics Dept.
Control Engineering and Information Technology (BME IIT)
and the Computer and Automation Research Institute of the
Hungarian Academy of Sciences (MTA SZTAKI). In the cur-
rent phase, the primary goal of this research is to build an au-
tonomous indoor quadrotor helicopter, which will serve later
as a research test bed for advanced algorithms in the areas of
control, path planning, manoeuvring in formation, position esti-
mation, sensor fusion, embedded real-time (RT) vision system,
spatial map building, robust and efficient mechanical and aero-
dynamic construction.
The development started in five areas: control system algo-
rithms, system architecture, electronic components, mechanical
and aerodynamic design and vision system. The first version
of the helicopter body was reported in [1], [2]. In 2008 the
hardware-in-the-loop tests were successfully performed, which
verified that the on-board MPC555 CPU can be programmed
via Simulink to perform the backstepping control and extended
Kalman filter algorithms together with CAN bus I/O in real time
[3].
This article mainly focuses on the development of the control
algorithm of the vehicle, introducing a new backstepping based
algorithm that has evolved from parallel and our researches’ re-
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sults. Other important components (state estimation based on
extended Kalman filtering and a simple path tracking method)
are also presented in later sections. The article is structured as
follows. After the description of the system (Section 2), mod-
elling of the helicopter and the rotor system is discussed in Sec-
tions 3. Section 4, 5, 6 present the components of the control
system, namely, the backstepping based control algorithm, the
state estimator and the path tracking method, respectively. Sim-
ulations results are presented in Section 7 while Section 8 ad-
dresses the implementation methods and software issues. The
article ends with a short conclusion and summary of the results.
2 System overview
The control loop of the helicopter requires accurate posi-
tion and orientation information. The primary sensor for this
is a Crossbow MNAV100CA inertial measurement unit (IMU),
which provides acceleration and angular velocity measurements.
Based on the physical properties of the sensors [4], the raw sen-
sor output is loaded with noise and bias errors, which can build
up increasing orientation and position error during integration.
In order to reduce the effect of noise and bias, extended Kalman
filters are used instead of integration. Thus, for 6 degrees of
freedom mobile robots, one needs absolute measurements per-
formed frequently. For outdoor autonomous vehicles, GPS or
differential GPS is often used. For indoor vehicles, vision based
measurements are widely used to compensate integration errors.
The overview of our system architecture is as follows. The
helicopter will have an on-board CPU. The rotors are driven by
brushless DC (BLDC) motors. The motor controllers and the
IMU are connected to the CPU via CAN bus. Also, a spread
spectrum code division multiplexing (CDM) radio link is con-
nected to the CPU, providing bidirectional communication be-
tween the quadrotor and the ground station. The ground station
sends commands and reference path to the CPU, together with
the absolute position measurements. The helicopter sends status
information to the ground. The ground station is connected to
the computer performing vision algorithms via Ethernet cable.
We use commercial, high resolution web cameras for imaging.
More details on the sensor and actuator system can be found in
[4].
The on-board computer is a phyCORE-MPC555, since it is
lightweight, equipped with a floating point unit and can be pro-
grammed in MATLAB/Simulink. An alternative goal of the
project is to compare high level model based programming of
embedded systems with traditional methods.
3 Modelling the quadrotor helicopter’s dynamics
3.1 The equations of motion of the helicopter
Let us assume that a frame (coordinate system) KE fixed to
the Earth can be considered as an inertial frame of reference.
The frame fixed to the centre of gravity of the helicopter KH
can be described by its position ξ = (x, y, z)T and orientation
(RPY angles) η = (8,2,9)T relative to KE . The orientation
can be described by the matrix Rt in the following way:
Rt =
C2C9 S8S2C9 − C8S9 C8S2C9 + S8S9C2S9 S8S2S9 + C8C9 C8S2S9 − S8C9
−S2 S8C2 C8C2

(1)
where Sx and Cx denote sin(x) and cos(x) as usual in robotics.
The relation between ξ˙ and η˙ and translational and angular
velocities v and ω of the helicopter take the form
ξ˙ = Rtv
ω = Rr η˙
(2)
where time derivative is denoted by dot and the matrix Rr has
the form
Rr =
1 0 −S20 C8 S8C2
0 −S8 C8C2
 (3)
It is worth mentioning that the inverse of Rr can be computed
as
R−1r =
1 S8T2 S8T20 C8 −S8
0 S8/C2 C8/C2
 (4)
and the derivative of ω can be written as
β = ω˙ = Rr η¨ + R˙r η˙ (5)
Applying Newton’s laws, the translational and rotational mo-
tions of the helicopter in KH are described by∑
Fext = mv˙ + ω × (mv˙)∑
Text = I ω˙ + ω × (Iω)
(6)
where I is the inertia matrix of the helicopter and it is sup-
posed that it can be described by a diagonal matrix I =
diag(Ix , Iy, Iz).
∑
Fext and
∑
Text represent the forces and
torques respectively applied to the quadrotor helicopter ex-
pressed in KH . These forces and torques are partly caused by
the rotation of the rotors (F and T ), the aerodynamic friction
(Fa and Ta), the gravitational effect (Fg) in the translational mo-
tion and the gyroscopic effect (Tg) in the rotational motion.∑
Fext = F + Fa + Fg∑
Text = T + Ta + Tg
(7)
The helicopter has four actuators (four brushless DC motors)
which exert a lift force proportional to the square of the angu-
lar velocities i of the actuators ( fi = b2i ). The BLDC mo-
tors’ reference signals can be programmed in i . The resulting
torque and lift force are
T =
 lb(24 −22)lb(23 −21)
d(22 +24 −21 −23)

f = f1 + f2 + f3 + f4 = b
4∑
i=1
2i
(8)
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where l, b, d are helicopter and rotor constants. The force F can
then be rewritten as F = (0, 0, f )T .
The gravitational force points to the negative z-axis, therefore
Fg = −mRTt (0, 0, g)T = −mRTt G. The gyroscopic effect can
be modelled as
Tg = −(ω × k)Ir (2 +4 −1 −3) = −ω × (Irr ) (9)
where Ir is the rotor inertia and k is the third unit vector.
The aerodynamic friction at low speeds can well be approxi-
mated by the linear formulas Fa = −Ktv and Ta = −Krω.
Using the equations above we can derive the equations of mo-
tion of the helicopter:
F = mRTt ξ¨ − Kt RTt ξ˙ − mRTt G
T = I Rr η¨ + I
(
∂Rr
∂8
8˙+ ∂Rr
∂2
2˙
)
η˙+
+ Kr Rr η˙ + (Rr η˙)× (I Rr η˙ + Irr )
(10)
3.2 Simplified dynamic equations
A simplified model of the quadrotor helicopter can be ob-
tained by neglecting certain effects and applying reasonable ap-
proximations. The purpose of the construction of such a model
is to reduce the complexity of the controller while keeping its
performance.
Since the helicopter’s motion is planned to be relatively slow,
it is reasonable to neglect all the aerodynamic effects, namely,
Kt and Kr are approximately zero matrices. The other simplifi-
cation is also related to the low speeds. Slow motion in lateral
directions means little roll and pitch angle changes, therefore Rr
can be approximated by a 3-by-3 unit matrix. Such simplifica-
tion cannot be applied to Rt .
Consequently, the dynamic equations in (10) become
F ≈ mRTt ξ¨ − mRTt G
T ≈ I η¨ + η˙ × (I η˙ + Irr )
(11)
The six equations in detail are the ones that can be found in [5]
and [3].
mx¨ ≈ (C8S2C9 + S8S9) f
m y¨ ≈ (C8S2S9 − S8C9) f
mz¨ ≈ C8C2 f − mg
Ix8¨ ≈ 2˙9˙(Iy − Iz)− Ir 2˙r + T1
Iy2¨ ≈ 9˙8˙(Iz − Ix )− Ir 8˙r + T2
Iz9¨ ≈ 8˙2˙(Ix − Iy)+ T3
(12)
3.3 Rotor dynamics
The four BLDC motors’ dynamics can be described as (k =
1, . . . , 4):
Li˙k = um,k − Rik − kek
Ir ˙k = km ik − kr2k − ks
(13)
where ke, km and ks represent the back EMF constant, the motor
torque constant and the friction constant, respectively. If the
motors’ inductance is negligible, (13) can be rewritten to
˙k = −k,0 − k,1k − k,22k + kuum,k (14)
4 The construction of the helicopter’s control algo-
rithm
4.1 Related research
There are numerous control algorithms that can be applied to
a quadrotor helicopter including linear [6], nonlinear and even
soft computing techniques [7]. Among the nonlinear control al-
gorithms, the backstepping approach has gained the most atten-
tion, although several other methods are elaborated including
sliding mode [5] and feedback linearisation control algorithms
[8].
These pieces of research differ from each other not only on
the control algorithm, but also on the types of simplification of
the dynamic model of the helicopter. Several methods exist for
dynamic models that retain the basic behaviour of the vehicle.
Some neglect the rotor dynamics assuming the transients of the
rotors are fast compared to those of the helicopter, some others
do not consider the aerodynamics or the gyroscopic effect.
A full state backstepping algorithm is presented in [9], where
the control law is obtained step by step through three virtual sub-
systems’ stabilisation. The quadrotor dynamic model described
in the previous section is similar to that in this work. In [5], [2]
and [3], a backstepping algorithm is applied to simplified heli-
copter dynamic model. These are the base of the algorithm that
is presented in this section.
The following parts of the present article focus on the con-
struction of such an algorithm that is capable of explicitly han-
dling all the effects appearing in (10), while being ignorant to
realistic measurement noises.
4.2 Applying a backstepping algorithm to the helicopter
The control algorithm has evolved from the results of [5] and
our research [3]. The algorithm presented in this part intends to
exploit the advantages of two approaches, that are the ability to
control a dynamic model with the least possible simplification
and the good handling of measurement noises experienced in
the case of our earlier algorithm based on [3].
First, we have to reformulate the equations (10) and (13).
ξ¨ = fξ + gξuξ
η¨ = fη + gηuη
˙k = f,k + g,ku,k
(15)
where fξ , gξ and uξ are
fξ = −G − 1m RtKt R
T
t ξ˙
gξ = 1m diag(rt,3)
uξ = ( f, f, f )T
(16)
Backstepping based control design 1532009 53 3-4
while fη, gη and uη stand for
fη = (I Rr )−1
[
−I
(
∂Rr
∂8
8˙+ ∂Rr
∂2
2˙
)
η˙−
−Kr Rr η˙ − (Rr η˙)× (I Rr η˙ + Irr )
]
gη = (I Rr )−1
uη = T
(17)
and f,k , g,k and u,k yield
f,k = −k,0 − k,1k − k,22k
g,k = ku
u,k = um,k
(18)
Since the vector F contains only one nonzero element,
gξuξ = 1mrt,3 f =
1
m
diag(rt,3)uξ (19)
where rt,3 is the third column of Rt .
The construction of the control law is similar to that pre-
sented in [5]. Since the helicopter is underactuated, the concept
is that the helicopter is required to track a path defined by its
(xd , yd , zd , 9d) coordinates. The helicopter’s roll and pitch an-
gles are stabilised to 0 internally. The control algorithm can be
divided into three main parts. At first, the translational part of
the vehicle dynamics is controlled, which then produces the two
missing reference signals to the attitude control system. The
third part is responsible for generating the input signals of the
BLDC motors. The hierarchical structure of the controller is
shown in Fig. 1, where indices d and m denote desired and
measured values, respectively. The speed ratio of the three parts
of the hierarchical structure depends on the physical properties
of the components, especially on the measurement frequency
of the sensors. The ideal values of the sampling times for po-
sition and orientation control are between 10-30 ms . Kalman
filters can tolerate the difference of measurement frequencies of
the position and orientation (vision system) and acceleration and
velocity (IMU). The sampling time of the motor control is set to
10 ms .
4
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Fig. 1. The hierarchical structure of the controller
1) Position Control: The concept of backstepping control
will be explained for position control. First, let us define the
path tracking error
qξ1 = ξd − ξ (20)
Applying Lyapunov’s theorem we construct a positive definite
function whose time derivative is negative definite.
V (qξ1) =
1
2
qTξ1qξ1 (21)
V˙ (qξ1) = q
T
ξ1 q˙ξ1 = q
T
ξ1(ξ˙d − ξ˙) (22)
If we were free to choose
ξ˙ = ξ˙d +Aξ1qξ1 (23)
then the time derivative of the Lyapunov function would be
V˙ (qξ1) = −qTξ1Aξ1qξ1 < 0 (24)
if the matrix Aξ1 were positive definite. Therefore, introducing
a virtual tracking error
qξ2 := ξ˙ − ξ˙d −Aξ1qξ1 = −q˙ξ1 −Aξ1qξ1 (25)
and an augmented Lyapunov function
V (qξ1 , qξ2) =
1
2
(
qTξ1qξ1 + q
T
ξ2qξ2
)
(26)
results in the possibility to find the actual lift force f needed.
The augmented Lyapunov function’s time derivative is
V˙ (qξ1 , qξ2) = q
T
ξ1 q˙ξ1 + q
T
ξ2 q˙ξ2 = q
T
ξ1(−q˙ξ1 −Aξ1qξ1)+
+ qTξ2(ξ¨ − ξ¨d −Aξ1(−q˙ξ1 −Aξ1qξ1)) =
= −qTξ1Aξ1qξ1 − qTξ2qξ1 + qTξ2(fξ + gξuξ)−
− qTξ2 [ξ¨d −Aξ1(qξ2 +Aξ1qξ1)]
(27)
We are now free to choose
uξ = g−1ξ [qξ1 − fξ + ξ¨d −Aξ1(qξ2 +Aξ1qξ1)−Aξ2qξ2 ] =
= g−1ξ [ξ¨d − fξ + (I3 +Aξ2Aξ1)qξ1 + (Aξ2 +Aξ1)q˙ξ1 ]
(28)
where I3 is a unit matrix. It could be assumed here that ξ¨d
is negligible as in [5]. However, the further goal is that the
helicopter tracks certain waypoints, which means that it is in
continuous motion. Therefore, ξ¨d does have an important role
in the control. If Aξ2 is positive definite, the time derivative
of the Lyapunov function is
V˙ (qξ1 , qξ2) = −qTξ1Aξ1qξ1 − qTξ2Aξ2qξ2 < 0 (29)
Applying the control law (28) to (15) results in
ξ¨ = ξ¨d + (I3 +Aξ2Aξ1)qξ1 + (Aξ2 +Aξ1)q˙ξ1 (30)
which is equivalent to
0 = (I3 +Aξ2Aξ1)qξ1 + (Aξ2 +Aξ1)q˙ξ1 + q¨ξ1 (31)
Assuming positive definite and diagonal Aξ1 , Aξ2 matrices
with diagonal elements aξ1,i, aξ2,i, the characteristic equations
have the form
s2 + (aξ2,i + aξ1,i)s+ (1 + aξ2,iaξ1,i) = 0 (32)
which guarantees stability.
This means that the errors exponentially converge to zero if
the calculated values of fξ and gξ are close to the real ones.
Algebraic manipulations can be performed in gξuξ. The
third component of uξ is the lift force f . The other two com-
ponents are for different purposes. Multiplying the formula
of (28) in brackets by mu instead of the reciprocal of the
appropriate element of gξ yields an expression for the third
column of Rt. Since this change has no effect on the stability,
then if the entire controlled system is stable, gξ has to be
convergent and its limit is (0, 0, 1)T . Therefore, the reference
signals Φd and Θd can be obtained as follows. First we modify
gξ and uξ:
g˜ξ =
1
m
f 0 00 f 0
0 0 CΦCΘ
 (33)
u˜ξ =
CΦSΘCΨ + SΦSΨCΦSΘSΨ − SΦCΨ
f
 =
uξxuξy
f
 (34)
We can extract f as before and then we obtain uξx and uξy
using the elements of g˜ξ and
SΦd = SΨuξx − CΨuξy
SΘd =
CΨuξx + SΨuξy
CΦ
(35)
yield Φd and Θd. The reason why these signals can be consid-
ered as reference signals is that as the helicopter approaches
the desired coordinates, they converge to zero. Conversely, if
the helicopter follows the appropriate attitude and lift force, it
will get to the desired position and orientation.
2) Attitude Control: The design is similar to that described
in the previous part. Again, let us define the attitude error
qη1 = ηd − η (36)
and introduce a virtual tracking error
qη2 = η˙ − η˙d −Aη1qη1 = −q˙η1 −Aη1qη1 (37)
Following the same steps the result is T = uη where
uη = g−1η [η¨d−fη+(I3+Aη2Aη1)qη1+(Aη2+Aη1)q˙η1 ] (38)
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4.2.1 Position control
The concept of backstepping control will be explained for po-
sition control. First, let us define the path tracking error
qξ1 = ξd − ξ (20)
Applying Lyapunov’s theorem we construct a positive definite
function whose time derivative is negative definite.
V (qξ1) =
1
2
qTξ1qξ1 (21)
V˙ (qξ1) = qTξ1 q˙ξ1 = qTξ1(ξ˙d − ξ˙ ) (22)
If we were free to choose
ξ˙ = ξ˙d + Aξ1qξ1 (23)
then the time derivative of the Lyapunov function would be
V˙ (qξ1) = −qTξ1 Aξ1qξ1 < 0 (24)
if the matrix Aξ1 were positive definite. Therefore, introducing
a virtual tracking error
qξ2 := ξ˙ − ξ˙d − Aξ1qξ1 = −q˙ξ1 − Aξ1qξ1 (25)
and an augmented Lyapunov function
V (qξ1 , qξ2) =
1
2
(
qTξ1qξ1 + qTξ2qξ2
)
(26)
results in the possibility to find the actual lift force f needed.
The augmented Lyapunov function’s time derivative is
V˙ (qξ1 , qξ2) = qTξ1 q˙ξ1 + qTξ2 q˙ξ2 = qTξ1(−q˙ξ1 − Aξ1qξ1)+
+ qTξ2(ξ¨ − ξ¨d − Aξ1(−q˙ξ1 − Aξ1qξ1)) =
= −qTξ1 Aξ1qξ1 − qTξ2qξ1 + qTξ2( fξ + gξuξ )−
− qTξ2 [ξ¨d − Aξ1(qξ2 + Aξ1qξ1)]
(27)
We are now free to choose
uξ = g−1ξ [qξ1 − fξ + ξ¨d − Aξ1(qξ2 + Aξ1qξ1)− Aξ2qξ2 ] =
= g−1ξ [ξ¨d − fξ + (I3 + Aξ2 Aξ1)qξ1 + (Aξ2 + Aξ1)q˙ξ1 ]
(28)
where I3 is a unit matrix. It could be assumed here that ξ¨d is
negligible as in [5]. However, the further goal is that the heli-
copter tracks certain waypoints, which means that it is in con-
tinuous motion. Therefore, ξ¨d does have an important role in
the control. If Aξ2 is positive definite, the time derivative of the
Lyapunov function is
V˙ (qξ1 , qξ2) = −qTξ1 Aξ1qξ1 − qTξ2 Aξ2qξ2 < 0 (29)
Applying the control law (28) to (15) results in
ξ¨ = ξ¨d + (I3 + Aξ2 Aξ1)qξ1 + (Aξ2 + Aξ1)q˙ξ1 (30)
which is equivalent to
0 = (I3 + Aξ2 Aξ1)qξ1 + (Aξ2 + Aξ1)q˙ξ1 + q¨ξ1 (31)
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Assuming positive definite and diagonal Aξ1 , Aξ2 matrices with
diagonal elements aξ1,i , aξ2,i , the characteristic equations have
the form
s2 + (aξ2,i + aξ1,i )s + (1+ aξ2,iaξ1,i ) = 0 (32)
which guarantees stability.
This means that the errors exponentially converge to zero if
the calculated values of fξ and gξ are close to the real ones.
Algebraic manipulations can be performed in gξuξ . The third
component of uξ is the lift force f . The other two components
are for different purposes. Multiplying the formula of (28) in
brackets by mu instead of the reciprocal of the appropriate el-
ement of gξ yields an expression for the third column of Rt .
Since this change has no effect on the stability, then if the entire
controlled system is stable, gξ has to be convergent and its limit
is (0, 0, 1)T . Therefore, the reference signals8d and2d can be
obtained as follows. First we modify gξ and uξ :
g˜ξ = 1m
 f 0 00 f 0
0 0 C8C2
 (33)
u˜ξ =
C8S2C9 + S8S9C8S2S9 − S8C9
f
 =
uξxuξy
f
 (34)
We can extract f as before and then we obtain uξx and uξy using
the elements of g˜ξ and
S8d = S9uξx − C9uξy
S2d =
C9uξx + S9uξy
C8
(35)
yield 8d and 2d . The reason why these signals can be consid-
ered as reference signals is that as the helicopter approaches the
desired coordinates, they converge to zero. Conversely, if the
helicopter follows the appropriate attitude and lift force, it will
get to the desired position and orientation.
4.2.2 Attitude control
The design is similar to that described in the previous part.
Again, let us define the attitude error
qη1 = ηd − η (36)
and introduce a virtual tracking error
qη2 = η˙ − η˙d − Aη1qη1 = −q˙η1 − Aη1qη1 (37)
Following the same steps the result is T = uη where
uη = g−1η [η¨d− fη+ (I3+ Aη2 Aη1)qη1 + (Aη2 + Aη1)q˙η1 ] (38)
4.2.3 A simplified control of the position and attitude
According to (10) and (11), a change in fξ , fη and gη results
in simpler controller equations that are formally identical to (28)
and (38).
fξ = −G
fη = −I−1 [η˙ × (I η˙ + Irr )]
gη = I−1
(39)
A further simplification is to assume that the second deriva-
tives of the reference signals are zero (ξ¨d = 0 and η¨d = 0),
thus these terms disappear from the control laws. In the follow-
ing sections it will be shown that these simplifications do not
deteriorate the overall performance of the control system.
4.2.4 Rotor control
There is a slight difference in the calculation of um compared
to the other inputs since in the third equation of (15) only the
first derivative of k appears. This means that there is no need
for the virtual error qm2 and the Lyapunov function remains
V (qm1) = 12qTm1qm1 . However, it is worth including the deriva-
tive of qm1 similarly as in the previous sections because of the
error dynamics.
um = g−1m [˙d − fm + (I4 + Am2 Am1)qm1+
+ (Am2 + Am1)q˙m1 ]
(40)
with qm1 and fm being
qm1 =

1d −1
2d −2
3d −3
4d −4
 and fm=

fm,1
fm,2
fm,3
fm,4
 (41)
Since the four motors are considered to be identical, gm can be
any of gm,k-s and therefore it is a scalar. It is worth noticing that
since T and f are linear combinations of 2k , hence kd are the
element-wise square roots of
21d
22d
23d
24d
 =

0 −(2lb)−1 −(4d)−1 (4d)−1
−(2lb)−1 0 (4d)−1 (4d)−1
0 (2lb)−1 −(4d)−1 (4d)−1
(2lb)−1 0 (4d)−1 (4d)−1

(
T
f
)
(42)
The time derivative of the Lyapunov function becomes
V˙ (qm1) = qTm1 q˙m1 =
= −qTm1 [(I + Am2 Am1)qm1 − (Am2 + Am1)q˙m1 ] =
= −qTm1(I + Am2 + Am1)−1(I + Am2 Am1)qm1 < 0
(43)
if Am1 and Am2 are positive definite matrices.
4.2.5 Tuning of controller parameters
The parameters of the controllers are related to coefficients
of low order characteristic polynomials or elements of positive
definite diagonal matrices, hence their choice is simple. The nu-
merical values are immediately related to the speed of the con-
trol. It should also be taken into account that the increased speed
of the control can cause saturation in the actuators. Simulation
experiments can help in parameter tuning (see the results in Tab.
3).
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5 Estimating the non-measured signals
The control algorithm introduced in the previous section re-
quires the signals shown in Table 1 for the computation of the
control inputs. The signals measured by the sensor system are
marked by asterisk (*). Since there is a signal that is not mea-
sured and long time tests show that the inertial sensor’s signals
not only contain noises, but also an offset (bias) that changes
slowly, a state estimator is included in the control algorithm.
Tab. 1. The signals required by the control algorithm
Signal Meaning
ξ Position*
ξ˙ Velocity
η Attitude*
η˙ Angular velocity*
 Angular velocities of the rotors*
The state estimator consists of two hierarchically structured
extended Kalman filters that are responsible for the estimation
of the attitude and position related signals (EK F1 and EK F2,
respectively). The structure of the state estimator can be seen
in Fig. 2. The role of the block in the middle of the diagram is
to transform the measured acceleration from the sensor frame to
the helicopter frame. This block separates the two EKFs.
5
3) A Simplified Control of the Position and Attitude:
According to (10) and (11), a change in fξ, fη and gη results
in simpler controller equations that are formally identical to
(28) and (38).
fξ = −G
fη = −I
−1 [η˙ × (Iη˙ + IrΩr)]
gη = I
−1
(39)
A further simplification is to assume that the second deriva-
tives of the reference signals are zero (ξ¨d = 0 and η¨d = 0),
thus these terms disappear from the control laws. In the
following sections it will be shown that these simplifications
do not deteriorate the overall performance of the control
system.
4) Rotor Control: There is a slight difference in the calcu-
lation of um compared to the other inputs since in the third
equation of (15) only the first derivative of Ωk appears. This
means that there is no need for the virtual error qm2 and the
Lyapunov function remains V (qm1) = 12q
T
m1
qm1 . However, it
is worth including the derivative of qm1 similarly as in the
previous sections because of the error dynamics.
um = g
−1
m [Ω˙d − fm + (I4 +Am2Am1)qm1+
+ (Am2 +Am1)q˙m1 ]
(40)
with qm1 and fm being
qm1 =


Ω1d − Ω1
Ω2d − Ω2
Ω3d − Ω3
Ω4d − Ω4

 and fm=


fm,1
fm,2
fm,3
fm,4

 (41)
Since the four motors are considered to be identical, gm can be
any of gm,k-s and therefore it is a scalar. It is worth noticing
that since T and f are linear combinations of Ω2k, hence Ωkd
are the element-wise square roots of


Ω21d
Ω22d
Ω23d
Ω24d

 =


0 −(2lb)−1 −(4d)−1 (4d)−1
−(2lb)−1 0 (4d)−1 (4d)−1
0 (2lb)−1 −(4d)−1 (4d)−1
(2lb)−1 0 (4d)−1 (4d)−1


(
T
f
)
(42)
The time derivative of the Lyapunov function becomes
V˙ (qm1) = q
T
m1
q˙m1 =
= −qTm1 [(I +Am2Am1)qm1 + (Am2 +Am1)q˙m1 ] =
= −qTm1(I +Am2 +Am1)
−1(I +Am2Am1)qm1 < 0
(43)
if Am1 and Am2 are positive definite matrices.
5) Tuning of controller parameters: The parameters of the
controllers are related to coefficients of low order characteristic
polynomials or elements of positive definite diagonal matrices,
hence their choice is simple. The numerical values are imme-
diately related to the speed of the control. It should also be
taken into account that the increased speed of the control can
cause saturation in the actuators. Simulation experiments can
help in parameter tuning (see the results in Tab. III).
V. ESTIMATING THE NON-MEASURED SIGNALS
The control algorithm introduced in the previous section
requires the signals shown in Table I for the computation of
the control inputs. The signals measured by the sensor system
are marked by a terisk (*). Sinc there is a sign l that is not
measured and long time tests show that the inertial sensor’s
signals not only contain noises, but also an offset (bias) that
changes slowly, a state estimator is included in the control
algorithm.
Signal Meaning
ξ Position*
ξ˙ Velocity
η Attitude*
η˙ Angular velocity*
Ω ng lar velocities of the rotors*
TABLE I
THE SIGNALS REQUIRED BY THE CONTROL ALGORITHM
The state estimator consists of two hierarchically structured
extended al an filters that are responsible for the estimation
position related signals (EKF1 and EKF2,
respectively). The structure of the state estimator can be seen
in Fig. 2. The role of the block in the middle of the diagram is
to transform the measured acceleration from the sensor frame
to the helicopter frame. This block separates the two EKFs.
η, ω
-EKF1(η, ω)
βˆ
ωˆ
ηˆ
q
q
-
-
- a : KS → KH
ω : KH → KE
a -
a-
-
ξ
-
-
EKF2(ξ, a)
q -
-
-
ξ, ξ˙
ηˆ
˙ˆη
Fig. 2. The structure of the state estimator
Before the description of the state estimation, it is necessary
to consider that the inertial sensor’s frame is not identical to
that of the helicopter’s. Therefore, the measured acceleration
and angular velocity have to be transformed. In the following
subsections, As (orthonormed) and ps represent the angular
and spatial displacement of the two frames.
A. Estimating the Attitude and Angular Velocity of the Heli-
copter
As indicated before, the IMU’s outputs consist of three
components: the real values and an additional bias and noise
with zero mean. In the sensor frame, it can be written as
ωm = ωs = ωs,0 + ωs,b + ωs,n (44)
The real value of the angular velocity in the helicopter’s frame
is
ω = Asωs,0 = As(ωs − ωs,b − ωs,n) (45)
which can be transformed to the reference frame KE as
η˙ = R−1r ω = R
−1
r As(ωs − ωs,b − ωs,n) (46)
Fig. 2. The structure of the state estimator
Before the description of the tate esti atio , it is ecessary
to consider that the inertial sens r’s frame is not i entical to that
of the helicopters. Therefore, the measured acceleration and an-
gular velocity have to be transformed. In the following subsec-
tions, As (orthonormed) and ps represent the angular and spatial
displacement of the two frames.
5.1 Estimating the attitude and angular velocity of the heli-
copter
As indicat d before, th IMU’s outputs consist of three com-
ponents: the real values and an additional bias and noise with
zero mean. In the sensor frame, it can be written as
ωm = ωs = ωs,0 + ωs,b + ωs,n (44)
The real value of the angular velocity in the helicopter’s frame
is
ω = Asωs,0 = As(ωs − ωs,b − ωs,n) (45)
which can be transformed to the reference frame KE as
η˙ = R−1r ω = R−1r As(ωs − ωs,b − ωs,n) (46)
Since the bias changes slowly, it can be assumed that its time
derivative is close to zero. This can be formulated by the aid of
small virtual noise that affects the change of the bias’s value (see
[10] for another application of the technique).
ω˙s,b = ωs,b,n (47)
As the measurements of the positioning system do not contain
offset, the third equation that can be used for state estimation
along with (46) and (47) is the following:
ηm = η + ηn (48)
If Ts denotes the sampling time, these three equations can be
transformed to discrete time using the Euler’s formula as
x1,k+1 = x1,k + TsRr,k As(−x2,k + uk + w1,k)
x2,k+1 = x2,k + Tsw2,k
yk = x1,k + zk
(49)
with the following notations:
x1 = η x2 = ωs,b x = (xT1 , xT2 )T
w1 = −ωs,n w2 = ωs,b,n w = (wT1 , wT2 )T (50)
u = ωm y = ηm z = ηn
The equations (49) can be rewritten to the form of
xk+1 = f (xk, uk, wk)
yk = g(xk, zk)
Assuming w and z are not correlated, the EKF algorithm can be
performed by introducing the following notations:
Rw,k−1 = E[wk−1wTk−1] Rz,k = E[zkzTk ]
Ak−1 = ∂ f (xˆk−1, uk−1, 0)
∂x
Bw,k−1 = ∂ f (xˆk−1, uk−1, 0)
∂w
(51)
Ck = ∂g(x¯k, 0)
∂x
Cz,k = ∂g(x¯k, 0)
∂z
where xˆk is the estimated value of x . The well-known steps of
the extended Kalman filter algorithm are:
1. Prediction:
x¯k = f (xˆk−1, uk−1, 0)
Mk = Ak−16k−1ATk−1 + Bw,k−1Rw,k−1BTw,k−1
(52)
2. Time update:
Sk = CkMkCTk + Cz,kRz,kCTz,k
Gk = MkCTk S−1k
6k = Mk − GkSkGTk
xˆk = x¯k + Gk(yk − g(x¯k, 0))
(53)
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5.2 Estimating the position and velocity of the helicopter
The estimation method is similar to that in the previous sub-
section. First, it has to be considered what an accelerometer
senses. Its output not only contains the three components of the
acceleration, but also the effect of the gravity. Using the same
notations as before, it can be formulated as
as = as,0 + as,b + as,n − ATs RTt g (54)
As the quadrotor’s frame is not an inertial frame, the connection
between the acceleration in KS and KH is the following:
as,0 = ATs (a + β × ps + ω × (ω × ps)) (55)
From this equation, the acceleration in KH (a) can be obtained
as
a = Asas−β× ps−ω×(ω× ps)+RTt g−Asas,b−Asas,n (56)
The first part of (56) can be interpreted as a transformed value
of the accelerometer’s output.
at = Asas − β × ps − ω × (ω × ps)+ RTt g (57)
This transformation is performed by the central block in Fig. 2.
The equation is also an explanation why the two EKFs need to
be arranged hierarchically.
Applying the differentiation rule in a moving frame (ξ¨ = v˙ +
η˙ × v) once again and making the same assumptions about the
bias and the positioning system yields the equations that can be
used for the state estimation.
v˙ = −ω × v − Asas,b + at + Asas,n
a˙s,b = as,b,n
ξ˙ = Rtv + vξ,n
ξm = ξ + ξn
(58)
Following the same steps as previously, the discrete time
equations of the system above are
x1,k+1 = (I3 − Ts[ω×]k)x1,k − Ts Asx2,k + Tsuk + Ts Asw1,k
x2,k+1 = x2,k + Tsw2,k
x3,k+1 = x3,k + TsRt,kx1,k + Tsw3,k
yk = x3,k + Tszk
(59)
with the notations
x1 = v x2 = as,b x3 = ξ
w1 = −as,n w2 = as,b,n w3 = vξ,n (60)
u = at y = ξm z = ξn
The matrix [ω×] represents the cross product and takes the form
of  0 −ω3 ω2ω3 0 −ω1
−ω2 ω1 0
 (61)
From here the EKF can easily be formed. In order to find β = ω˙
needed in at , numerical differentiation can be used.
6 Path tracking
6.1 The tracking algorithm
The purpose of the control design is to track a predefined tra-
jectory with the smallest possible tracking error. In practice a
navigation point must be approximated with a predefined accu-
racy considering the positions and orientations. Apart from the
tracking error it is also important to keep the helicopter in con-
tinuous motion. In other words, the helicopter should not slow
down when it reaches a waypoint but move towards the next one.
These principles can be formulated by setting up certain con-
ditions. If one of them is satisfied, the quadrotor helicopter may
advance towards the next navigation point in the algorithm.
The conditions for position tracking are
3∑
j=1
(ξ
(i+1)
d j − ξ j )2 < 1ξ0
3∑
j=1
(ξ
(i+1)
d j − ξ j )2 < λ
3∑
j=1
(ξ
(i+1)
d j − ξ
(i)
d j )
2
(62)
where ξ is the current position, 1ξ0 is a predefined constant
distance, ξ (i)d j and ξ
(i+1)
d j are the coordinates of two consecutive
navigation points of the trajectory (the helicopter has already
stepped towards ξ (i+1)d j ). The first condition ensures that the he-
licopter will remain in the proximity of the navigation points,
while the other one is responsible for keeping the motion con-
tinuous. λ = (3/4)2 is a suitable compromise if the navigation
points are close to each other. In the proximity of obstacles, the
navigation points should be chosen denser. Obstacle avoidance
is a high level motion design problem, which is not part of this
article.
The tracking of the yaw angle is somewhat different since it
might be important how the attitude of the helicopter behaves
during flight. Therefore, the only condition is that the absolute
value of the yaw angle error has to be lower than a predefined
limit (190). ∣∣∣9(i+1)d −9∣∣∣ < 190 (63)
As a further refinement, 9 i+1d should be chosen such that the
helicopter rotates in the desired direction. If 9d values can be
outside the interval [0, 2pi), this can also be taken into account.
6.2 Ensuring the smooth motion of the helicopter
Abrupt changes may occur between two navigation points
during the manoeuvre. In order to guarantee the smooth motion,
the predefined path must be refined by using a filtering proce-
dure in order to avoid the risk of numerical problems for large
tracking errors. A block with the following transfer function is
able to perform this task:
W (s) = γ |ps |
n+1
(s + γ ps)(s + ps)n (64)
with 0 < ps and 0 < γ . By setting n = 5 and γ = 3, the control
inputs will still remain smooth and the transient will mostly be
determined by ps .
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7 Preliminary simulations
Flying systems are complex ones, hence thorough test of their
control system before the first real flight is highly suggested. Be-
fore implementing the control algorithm on the embedded tar-
get, it was tested using hardware-in-the-loop method.
The mechanical parameters of the helicopter and the BLDC
motors with the rotors are based on the planned dimensions, the
masses of purchased elements. These values are summarised in
Table 2.
Tab. 2. The physical parameters of the helicopter and the motors
Parameter Value
l 0.23 m
b 1.759·10−5kgm
d 1.759·10−6kg m2
Ix , Iy 1.32·10−2kg m2
Iz 2.33·10−2kg·m2
Ir 5.626 · 10−5kg·m2
m 1.4kg
Kt diag([0.1 0.1 0.15])N s/m
Kr diag([0.1 0.1 0.15])Nm s
k,0 94.37s−2
k,1 3.02s−1
k,2 0.005
ku 139.44V/s−2
7.1 Simulations performed using simulink
The components are included in the control loop gradually
from the simplest case to the most complex. The simplest simu-
lation contained only the model of the quadrotor helicopter and
the controller. No measurement noises were considered and the
helicopter only had to reach a single spatial point with a defined
yaw angle. The reference signals were smoothed using the same
method presented in the previous section. The parameters of the
controller could be tuned this way (see Table 3 for the exact val-
ues). The desired sample time of the control algorithm was set
to Ts = 10 ms, since the maximum operating frequency of the
IMU is 100 Hz. Therefore, this was the fixed step size during
the simulations.
Tab. 3. The physical parameters of the helicopter
Parameter Value
Aξ1 diag(2, 1.6, 1.6)
Aξ2 diag(1.2, 1.2, 1.2)
Aη1 diag(12, 12, 12)
Aη2 diag(8, 8, 8)
Am1 diag(0.04, 0.04, 0.04, 0.04)
Am2 diag(0.016, 0.016, 0.016, 0.016)
An example is shown below, including some signals of in-
terest. Fig. 3 shows the position and attitude of the quadrotor
helicopter, while the control inputs of the motors and the actual
angular velocities of the rotors appear in Fig. 4.
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Fig. 3. The position and attitude of the helicopter during flight
results, the simplified position and attitude control performed
similarly to the more complex model, although the latter
performed better. This can be explained by the low speeds
of the helicopter and the small roll and pitch angles during
flight. Therefore, it is reasonable to use it instead of the more
complex algorithm if hardware resources are limited. Fig.
5 shows the tracking errors of x and Ψ during the simple
test (measurable states) presented above. The dotted lines
correspond to the motion of the helicopter controlled by the
simpler controller.
As a final result of the integration of all the components
including state estimation, a tracking of a complex trajectory
is presented in Fig. 6 and Fig. 7. These simulations were
performed by setting the two EKFs initial parameters as shown
in Table IV (I3 is a 3-by-3 unit matrix). The parameters were
set according to the results of the analysis of the sensor signals
[11].
B. Real-Time Tests
Real-time tests were performed using the hardware-in-the-
loop method. The tests were aided by a dSPACE DS1103
board. First the model of the helicopter, the sensor and the
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Fig. 5. Comparison of the tracking errors using simplified (index 2) and
more complex (index 1) dynamic models
vision system’s measurements were emulated on the board,
while further experiments included the real IMU and vision
system. The communication channel between the MPC555 and
the DS1103 board was the CAN bus, as in the final version
Fig. 3. The position and attitude of the helicopter during flight
Control behaviours using the simplified and more complex
dynamic models were compared. According to the simulation
results, the simplified position and attitude control performed
similarly to the more complex model, although the latter per-
formed better. This can be explained by the low speeds of the he-
licopter and the small roll and pitch angles during flight. There-
fore, it is reasonable to use it instead of the more complex algo-
rithm if hardware resources are limited. Fig. 5 shows the track-
ing errors of x and 9 during the simple test (measurable stat s)
presented above. The dotted lines correspond to the motion of
the helicopter controlled by the simpler controller.
As a final result of the integration of all the components in-
cluding state estimation, a tracking of a complex trajectory is
presented in Fig. 6 and Fig. 7. These simulations were per-
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results, the simplified position and attitude control performed
similarly to the more complex model, although the latter
performed better. This can be explained by the low speeds
of the helicopter and the small roll and pitch angles during
flight. Therefore, it is reasonable to use it instead of the more
complex algorithm if hardware resources are limited. Fig.
5 shows the tracking errors of x and Ψ during the simple
test (measurable states) presented above. The dotted lines
correspond to the motion of the helicopter controlled by the
simpler controller.
As a final result of the integration of all the components
including state estimation, a tracking of a complex trajectory
is presented in Fig. 6 and Fig. 7. These simulations were
performed by setting the two EKFs initial parameters as shown
in Table IV (I3 is a 3-by-3 unit matrix). The parameters were
set according to the results of the analysis of the sensor signals
[11].
B. Real-Time Tests
Real-time tests were performed using the hardware-in-the-
loop method. The tests were aided by a dSPACE DS1103
board. First the model of the helicopter, the sensor and the
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more complex (index 1) dynamic models
vision system’s measurements were emulated on the board,
while further experiments included the real IMU and vision
system. The communication channel between the MPC555 and
the DS1103 board was the CAN bus, as in the final version
Fig. 4. The control inputs and the angular velocities of the helicopter
formed by setting the two EKFs initial parameters as shown in
Table 4 (I3 is a 3-by-3 unit matrix). The parameters were set ac-
cording to the results of the analysis of the sensor signals [11].
7.2 Real-Time Tests
Real-time tests were performed using the hardware-in-the-
loop method. The tests were aided by a dSPACE DS1103 board.
First the model of the helicopter, the sensor and the vision sys-
tem’s measurements were emulated on the board, while fur-
ther experiments included the real IMU and vision system. The
communication channel between the MPC555 and the DS1103
board was the CAN bus, as in the final version of the helicopter.
The scheme of the tests can be seen in Fig. 8.
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results, the simplified position and attitude control performed
similarly to the more complex model, although the latter
performed better. This can be explained by the low speeds
of the helicopter and the small roll and pitch angles during
flight. Therefore, it is reasonable to use it instead of the more
complex algorithm if hardware resources are limited. Fig.
5 shows the tracking errors of x and Ψ during the simple
test (measurable states) presented above. The dotted lines
correspond to the motion of the helicopter controlled by the
simpler controller.
As a final result of the integration of all the components
including state estimation, a tracking of a complex trajectory
is presented in Fig. 6 and Fig. 7. These simulations were
performed by setting the two EKFs initial parameters as shown
in Table IV (I3 is a 3-by-3 unit matrix). The parameters were
set according to the results of the analysis of the sensor signals
[11].
B. Real-Time Tests
Real-time tests were performed using the hardware-in-the-
loop method. The tests were aided by a dSPACE DS1103
board. First the model of the helicopter, the sensor and the
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the DS1103 board was the CAN bus, as in the final version
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more complex (index ynamic models
Tab. 4. The initial parameters of the EKFs
Parameter Value
Qω,0 diag(σω I3, σω,b I3)
Rω,0 diag(9 · 10−6ση I3)
Qa,0 diag(σa I3, σa,b I3, σv I3)
Ra,0 diag(9 · 10−6σξ I3)
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is also crucial to maintain data integrity during the hardware-
in-the-loop test, since starting the calculation of the control
inputs before receiving all measurement data may make the
control loop unstable. To ensure that the time delay between
receiving the sensor data and starting the calculation of the
new control inputs is minimal, data acquisition (checking the
buffers for new packets) on the target processor is performed at
a higher frequency compared to that of the control algorithm.
C. The Sample Time of the Control Algorithm
Preliminary calculations showed that the MPC555 is theo-
retically capable of performing the computation of the control
inputs every 10 ms. However, Execution Profiling shows that
calculating the control inputs using double precision floating
point numbers takes slightly more than 20 ms. Using single
precision numbers does not cause significant deterioration in
the calculations, however, it saves about 5 ms.
D. Software Related Issues
We faced minor software problems during the development
that can be avoided with little attention. If the Simulink model
to be run on the dSPACE DS1103 board contains several S-
functions written in C that contain global variables inside,
then these variables should have different names in order to
avoid unexpected behaviour during execution. The reason for
is that during the compilation procedure these variables are
overwritten by each other.
Sampling times are also of high importance, especially when
the model contains multiple sample times. It is not a good
practice to set the sampling time property ”inherited” of any
Simulink block. For the same reason the usage of discrete time
blocks that do not have sampling time property (like discrete
derivative blocks) is not recommended.
IX. CONCLUSION
In this article the theoretical foundations and the real-
time realisation of the embedded control system of an indoor
helicopter (UAV) were presented. The components of the
controller were described in detail. A backstepping algorithm
is responsible for stabilising the quadrotor helicopter. From
theoretical point of view, our results differ from earlier ones
in that backstepping is integrated with state estimation based
on advanced sensors. The state estimator consists of two
extended Kalman filters. The embedded controller was re-
alised by using a Freescale MPC555 processor, a Crossbow
MNAV100CA IMU and a marker-based vision system de-
veloped by BME IIT. Quick prototype design of the con-
troller was performed based on MATLAB/Simulink, Real-
Time Workshop and MPC555 Target Compiler. Hardware-in-
the-loop real-time tests were performed using the DS1103
board of dSPACE which emulated the helicopter and the
sensor system of the indoor helicopter. A CAN network served
as communication channel between the components of the
units of the distributed control system. Path tracking results
show the effectiveness of the embedded control system under
real-time conditions.
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torola MPC555 includes blocks that can be used for handling
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numbers does not cause significant deterioration in the calcula-
tions, however, it saves about 5ms.
8.4 Software related issues
We faced minor software problems during the development
that can be avoided with little attention. If the Simulink model
to be run on the dSPACE DS1103 board contains several S-
functions written in C that contain global variables inside, then
these variables should have different names in order to avoid
unexpected behaviour during execution. The reason is that dur-
ing the compilation procedure these variables are overwritten by
each other.
Sampling times are also of high importance, especially when
the model contains multiple sample times. It is not a good
practice to set the sampling time property ”inherited” of any
Simulink block. For the same reason the usage of discrete time
blocks that do not have sampling time property (like discrete
derivative blocks) is not recommended.
9 Conclusion
In this article the theoretical foundations and the real-time re-
alisation of the embedded control system of an indoor helicopter
(UAV) were presented. The components of the controller were
described in detail. A backstepping algorithm is responsible for
stabilising the quadrotor helicopter. From theoretical point of
view, our results differ from earlier ones in that backstepping
is integrated with state estimation based on advanced sensors.
The state estimator consists of two extended Kalman filters. The
embedded controller was realised by using a Freescale MPC555
processor, a Crossbow MNAV100CA IMU and a marker-based
vision system developed by BME IIT. Quick prototype design
of the controller was performed based on MATLAB/Simulink,
Real-TimeWorkshop andMPC555 Target Compiler. Hardware-
in-the-loop real-time tests were performed using the DS1103
board of dSPACE which emulated the helicopter and the sen-
sor system of the indoor helicopter. A CAN network served as
communication channel between the components of the units of
the distributed control system. Path tracking results show the
effectiveness of the embedded control system under real-time
conditions.
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